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• Basic Definitions

• Examples

• Applications
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• Boolean hypercube 0,1 𝑛 equipped with some probability measure

• By default, we use the uniform measure over 0,1 𝑛

• Sometimes we need to study other measures on the Boolean hypercube, such as the 𝑝-biased 

measure

• Further the theory extends to finite product spaces:

Ω = Ω1 × ⋯ × Ω𝑛,  𝜇 = 𝜇1 × ⋯ × 𝜇𝑛
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We focus on the functions defined on the Boolean hypercube:

𝑓: 0,1 𝑛 → ℝ

• Sometimes people use −1,1 𝑛    𝑏 ∈ 0,1 ⟷ −1 𝑏 ∈ −1,1

• Let 𝑁 ≔ 2𝑛 and 0,1 𝑛 ⟷ 0,1, … , 𝑁 − 1

• 𝑓: 0,1 𝑛 → ℝ ⟷ ℝ𝑁

• In the vector space ℝ𝑁, each standard basis 𝒆𝑖 ∈ ℝ𝑁 ⟷ a Boolean function 𝛿𝑖: 0,1 𝑛 → ℝ:

𝛿𝑖 𝑥 = ቊ
1 if 𝑥 = 𝑖
0 if 𝑥 ≠ 𝑖

 ∀𝑥 ∈ 0,1 𝑛

• Thus, for every 𝑓,

𝑓 𝑥 = 𝑓 0 𝛿0 𝑥 + 𝑓 1 𝛿1 𝑥 + ⋯ + 𝑓 𝑁 − 1 𝛿𝑁−1 𝑥
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For any 𝑆 ∈ 0,1 𝑛, the Fourier basis is defined as:

𝜒𝑆 𝑥 ≔ −1 𝑆,𝑥 = −1 𝑆1𝑥1+⋯+𝑆𝑛𝑥𝑛

Equivalently, if we are working in +1, −1 𝑛, for any 𝑆 ⊂ 𝑛 , the Fourier basis is defined as

𝜒𝑆 𝑥 ≔ 𝑥𝑆 = ෑ

𝑖∈𝑆

𝑥𝑖

Lemma.  For any 𝑆 ∈ 0,1 𝑛,

෍

𝑥∈ 0,1 𝑛

𝜒𝑆 𝑥 = 𝑁 ⋅ 𝛿𝑆 0

Proof.

𝔼 𝜒𝑆 𝑥 = ෑ

𝑖=1

𝑛

𝔼 −1 𝑆𝑖𝑥𝑖 = ෑ

𝑖=1

𝑛
1 + −1 𝑆𝑖

2
= 𝛿𝑆 0

∎
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We define the inner product of two Boolean functions 𝑓, 𝑔: 0,1 𝑛 → ℝ as:

𝑓, 𝑔 ≔
1

𝑁
෍

𝑥∈ 0,1 𝑛

𝑓 𝑥 𝑔 𝑥 = 𝔼𝑥∼ 0,1 𝑛 𝑓 𝑥 𝑔 𝑥

Lemma.  For any 𝑆, 𝑇 ∈ 0,1 𝑛,

𝜒𝑆, 𝜒𝑇 = 𝛿𝑆 𝑇

Proof.

𝜒𝑆 𝑥 𝜒𝑇 𝑥 = ෑ

𝑖=1

𝑛

−1 𝑆𝑖𝑥𝑖+𝑇𝑖𝑥𝑖 = ෑ

𝑖:𝑆𝑖≠𝑇𝑖

−1 𝑥𝑖

𝔼 𝜒𝑆𝜒𝑇 = ෑ

𝑖:𝑆𝑖≠𝑇𝑖

𝔼 −1 𝑥𝑖 = 𝛿𝑆 𝑇

∎
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• We have shown that

𝜒𝑆 ∶ 𝑆 ∈ 0,1 𝑛

is an orthonormal basis w.r.t. ⋅,⋅

• Thus, for any 𝑓: 0,1 𝑛 → ℝ,

𝑓 𝑥 = ෍

𝑆∈ 0,1 𝑛

መ𝑓 𝑆 𝜒𝑆 𝑥  ∀𝑥 ∈ 0,1 𝑛

• The coefficients መ𝑓: 0,1 𝑛 → ℝ is another Boolean function, called the Fourier transform of 𝑓

• Since the Fourier basis is orthonormal, we have
መ𝑓 𝑆 = 𝑓, 𝜒𝑆 = 𝔼𝑥∼ 0,1 𝑛 𝑓 𝑥 𝜒𝑆 𝑥
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መ𝑓 𝑆 = 𝑓, 𝜒𝑆 = 𝔼𝑥∼ 0,1 𝑛 𝑓 𝑥 𝜒𝑆 𝑥

• Linearity:  for any 𝑓, 𝑔 ∈ 0,1 𝑛 → ℝ,
෣𝑓 + 𝑔 = መ𝑓 + ො𝑔

• Scaling:  for any 𝑓 ∈ 0,1 𝑛 → ℝ, 𝑐 ∈ ℝ,
෢𝑐𝑓 = 𝑐 መ𝑓

• Involution: for any 𝑓 ∈ 0,1 𝑛 → ℝ,

෢መ𝑓 =
1

𝑁
𝑓

• Expectation: for any 𝑓 ∈ 0,1 𝑛 → ℝ,
መ𝑓 0 = 𝔼 𝑓



Basic Definitions: Fourier Transformation

April 8, 2026 8

Theorem (Plancherel).  Suppose 𝑓, 𝑔 ∈ 0,1 𝑛 → ℝ. Then, 

𝑓, 𝑔 = ෍

𝑆∈ 0,1 𝑛

መ𝑓 𝑆 ො𝑔 𝑆 = 𝑁 መ𝑓, ො𝑔

Proof.

• By the orthonormality of 𝜒𝑆 , 

𝑓, 𝑔 = ෍
𝑆

መ𝑓 𝑆 𝜒𝑆 , ෍
𝑇

ො𝑔 𝑆 𝜒𝑇 = ෍
𝑆,𝑇

መ𝑓 𝑆 ො𝑔 𝑇 ⟨𝜒𝑆, 𝜒𝑇⟩ = ෍
𝑆

መ𝑓 𝑆 ො𝑔 𝑆  

Theorem (Parseval’s Identity).  Suppose 𝑓 ∈ 0,1 𝑛 → ℝ. Then, 

𝔼 𝑓2 = 𝑓, 𝑓 = ෍
𝑆∈ 0,1 𝑛

መ𝑓 𝑆 2 = 𝑁𝔼 መ𝑓2

∎
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Theorem (Plancherel).  Suppose 𝑓, 𝑔 ∈ 0,1 𝑛 → ℝ. Then, 

𝑓, 𝑔 = ෍

𝑆∈ 0,1 𝑛

መ𝑓 𝑆 ො𝑔 𝑆 = 𝑁 መ𝑓, ො𝑔

Theorem (Parseval’s Identity).  Suppose 𝑓 ∈ 0,1 𝑛 → ℝ. Then, 

𝔼 𝑓2 = 𝑓, 𝑓 = ෍
𝑆∈ 0,1 𝑛

መ𝑓 𝑆 2 = 𝑁𝔼 መ𝑓2

Corollary (Parseval’s Identity).  Suppose 𝑓 ∈ 0,1 𝑛 → +1, −1 . Then, 

෍
𝑆∈ 0,1 𝑛

መ𝑓 𝑆 2 = 1
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Theorem (Plancherel).  Suppose 𝑓, 𝑔 ∈ 0,1 𝑛 → ℝ. Then, 

𝑓, 𝑔 = ෍

𝑆∈ 0,1 𝑛

መ𝑓 𝑆 ො𝑔 𝑆 = 𝑁 መ𝑓, ො𝑔

Theorem (Parseval’s Identity).  Suppose 𝑓 ∈ 0,1 𝑛 → ℝ. Then, 

𝔼 𝑓2 = 𝑓, 𝑓 = ෍
𝑆∈ 0,1 𝑛

መ𝑓 𝑆 2 = 𝑁𝔼 መ𝑓2

• Variance:

Var 𝑓 = 𝔼 𝑓2 − 𝔼 𝑓 2 = ෍
𝑆≠0

መ𝑓 𝑆 2
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Let 𝑓: 0,1 𝑛 → ℝ. We say that 𝑓 exhibits additive homomorphism if, for all 𝑥, 𝑦 ∈ 0,1 𝑛, 

𝑓 𝑥 + 𝑦 = 𝑓 𝑥 𝑓 𝑦

Here, 𝑥 ± 𝑦 is over 𝔽2
𝑛

• The Fourier basis 𝜒𝑆 satisfies additive homomorphism:

𝜒𝑆 𝑥 + 𝑦 = ෑ

𝑖=1

𝑛

−1 𝑆𝑖 𝑥𝑖+𝑦𝑖 = ෑ

𝑖=1

𝑛

−1 𝑆𝑖𝑥𝑖 −1 𝑆𝑖𝑦𝑖 = 𝜒𝑆 𝑥 𝜒𝑆 𝑦

• Shifting: for any 𝑓 ∈ 0,1 𝑛 → ℝ, let 𝑓𝑦 𝑥 ≔ 𝑓 𝑥 − 𝑦  for any 𝑦 ∈ 0,1 𝑛. Then

෡𝑓𝑦 𝑆 = መ𝑓 𝑆 𝜒𝑆 𝑦 = መ𝑓 𝑆 𝜒𝑦 𝑆

෡𝑓𝑦 𝑆 = 𝔼 𝑓𝑦𝜒𝑆 = 𝔼𝑥 𝑓 𝑥 − 𝑦 𝜒𝑆 𝑥 = 𝔼𝑧 𝑓 𝑧 𝜒𝑆 𝑧 + 𝑦

= 𝔼𝑧 𝑓 𝑧 𝜒𝑆 𝑧 𝜒𝑆 𝑦 = መ𝑓 𝑆 𝜒𝑆 𝑦
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Let 𝑓, 𝑔: 0,1 𝑛 → ℝ. The convolution of 𝑓 and 𝑔 is the function 𝑓 ⋆ 𝑔 : 0,1 𝑛 → ℝ defined as:

𝑓 ⋆ 𝑔 𝑥 ≔
1

𝑁
෍

𝑦∈ 0,1 𝑛

𝑓 𝑦 𝑔 𝑥 − 𝑦 =
1

𝑁
෍

𝑦∈ 0,1 𝑛

𝑓 𝑦 𝑔 𝑥 + 𝑦

Lemma.  For any 𝑓, 𝑔 ∈ 0,1 𝑛 → ℝ, we have
෣𝑓 ⋆ 𝑔 𝑆 = መ𝑓 𝑆 ො𝑔 𝑆  ∀𝑆 ∈ 0,1 𝑛

Proof.

• Note that 𝑓 ⋆ 𝑔 𝑥 = 𝔼 𝑓𝑔𝑥

෣𝑓 ⋆ 𝑔 𝑆 = 𝔼𝑥 𝑓 ⋆ 𝑔 𝑥 𝜒𝑆 𝑥 = 𝔼𝑥 𝔼𝑦 𝑓 𝑦 𝑔𝑥 𝑦 𝜒𝑆 𝑥 = 𝔼𝑦 𝑓 𝑦 𝔼𝑥 𝑔𝑥 𝑦 𝜒𝑆 𝑥

• 𝔼𝑥 𝑔𝑥 𝑦 𝜒𝑆 𝑥 = 𝔼𝑥 𝑔𝑦 𝑥 𝜒𝑆 𝑥 = ෞ𝑔𝑦 𝑆 = ො𝑔 𝑆 𝜒𝑆 𝑦

෣𝑓 ⋆ 𝑔 𝑆 = 𝔼𝑦 𝑓 𝑦 ො𝑔 𝑆 𝜒𝑆 𝑦 = መ𝑓 𝑆 ො𝑔 𝑆
∎
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Let 𝑓, 𝑔: 0,1 𝑛 → ℝ. The convolution of 𝑓 and 𝑔 is the function 𝑓 ⋆ 𝑔 : 0,1 𝑛 → ℝ defined as:

𝑓 ⋆ 𝑔 𝑥 ≔
1

𝑁
෍

𝑦∈ 0,1 𝑛

𝑓 𝑦 𝑔 𝑥 − 𝑦 =
1

𝑁
෍

𝑦∈ 0,1 𝑛

𝑓 𝑦 𝑔 𝑥 + 𝑦

Lemma.  For any 𝑓, 𝑔 ∈ 0,1 𝑛 → ℝ, we have
෣𝑓 ⋆ 𝑔 𝑆 = መ𝑓 𝑆 ො𝑔 𝑆  ∀𝑆 ∈ 0,1 𝑛

• Convolution ⟷ Multiplication:

෣𝑓 ⋆ 𝑔 = መ𝑓 Ƹ𝑔

• ෡𝑓𝑦 = መ𝑓𝜒𝑦 = መ𝑓 𝑁෢ෞ𝜒𝑦 = 𝑁 ෣𝑓 ⋆ ෞ𝜒𝑦   ⟹  𝑓𝑦 = 𝑁 𝑓 ⋆ ෞ𝜒𝑦
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Let 𝑓, 𝑔: 0,1 𝑛 → ℝ. The convolution of 𝑓 and 𝑔 is the function 𝑓 ⋆ 𝑔 : 0,1 𝑛 → ℝ defined as:

𝑓 ⋆ 𝑔 𝑥 ≔
1

𝑁
෍

𝑦∈ 0,1 𝑛

𝑓 𝑦 𝑔 𝑥 − 𝑦 =
1

𝑁
෍

𝑦∈ 0,1 𝑛

𝑓 𝑦 𝑔 𝑥 + 𝑦

Probability meaning:

• Let 𝑋 be a random variable over 0,1 𝑛 with probability density 𝜙 w.r.t. the uniform measure, i.e.,

𝔼 𝜙 = 1,  Pr 𝑋 = 𝑥 =
𝜙 𝑥

𝑁

• Let 𝑌 be a random variable over 0,1 𝑛 with probability density 𝜇

• Then, the density of 𝑋 ± 𝑌 is 𝜙 ⋆ 𝜇  
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• Basic Definitions

• Examples

• Applications
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Indicator function

For any 𝑎 ∈ 0,1 𝑛,

𝛿𝑎 𝑥 = ቊ
1 if 𝑥 = 𝑎
0 if 𝑥 ≠ 𝑎

 ∀𝑥 ∈ 0,1 𝑛

• For any 𝑆 ⊆ 0,1 𝑛,

෢𝛿𝑎 𝑆 = 𝛿𝑎 , 𝜒𝑆 =
1

𝑁
𝜒𝑆 𝑎 =

1

𝑁
−1 𝑆,𝑎

• Uncertainty principle:  For any nonzero function 𝑓, 

|supp 𝑓 | ⋅ supp መ𝑓 ≥ 𝑁
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Majority function

𝑥 Maj3

000 1

001 1

010 1

011 −1

100 1

101 −1

110 −1

111 −1

𝑆 ෣Maj3

000 0

001 Τ1 2

010 Τ1 2

011 0

100 Τ1 2

101 0

110 0

111 − Τ1 2
000

100 010 001

110 101 011

111

Fourier weight of degree 𝑘:

𝐖𝑘 𝑓 ≔ ෍
𝑆 =𝑘

መ𝑓 𝑆 2

𝐖3 𝑓 = Τ1 4

𝐖1 𝑓 = Τ3 4
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• Basic Definitions

• Examples

• Applications
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A function 𝑓: 0,1 𝑛 → −1,1  is said to be linear if for any 𝑥, 𝑦 ∈ 0,1 𝑛, it holds that 

𝑓 𝑥 𝑓 𝑦 = 𝑓 𝑥 + 𝑦

• This is equivalent to the additive homomorphism

• More intuitively, if we define 𝑓: 𝔽2
𝑛 → 𝔽2, then 𝑓 if linear ⟺ 𝑓 𝑥 + 𝑓 𝑦 = 𝑓 𝑥 + 𝑦  

• We have already shown that Fourier basis 𝜒𝑆 is linear

• Are there any “inherently different linear functions”?

Another related question is the following. Suppose 𝑓: 0,1 𝑛 → −1,1  is approximately linear, i.e., 

𝑓 𝑥 𝑓 𝑦 = 𝑓 𝑥 + 𝑦  holds for 1 − 𝜖 fraction of the pairs 𝑥, 𝑦

• Does that tell us anything about the structure of the function 𝑓? (You are encouraged to think of this 

question at home)
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A function 𝑓: 0,1 𝑛 → ℝ is said to be 𝑘-Fourier sparse if supp መ𝑓 ≤ 𝑘 

A function 𝑔: 0,1 𝑛 → −1,1  is said to be 𝑘, 𝜀 -Fourier sparse if there is a 𝑘-Fourier sparse 

function 𝑓 such that 𝑓 − 𝑔 2 ≤ 𝜀

• How can one test whether a function is Fourier sparse? 

➢ (Ghosh-Roy, NeurIPS ’25; Ghosh-Maitra-Roy, ICLR ’26)

• Can one learn such functions (i.e., find an approximator) for such functions efficiently, given query access 

to them?

➢ Goldreich-Levin, Kushilevitz-Mansour

➢ More generally, compressed sensing, sparse Fourier transform
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An important subclass of sparse functions is the class of juntas. A function 𝑓: 0,1 𝑛 → ℝ is said to 

be a 𝑡-junta if there is 𝑇 ⊆ 𝑛  of size at most 𝑡, and 𝑔: 0,1 𝑇 → ℝ , such that 

𝑓(𝑥) = 𝑔 𝑥𝑇

• Can one test juntas more efficiently? 

• Learn?
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Majority is a 2-candidate social choice functions

• What if there are 3 candidates?

• Condorcet suggested using the voters’ preferences to conduct the three possible pairwise elections, 

𝑎 vs. 𝑏, 𝑏 vs. 𝑐, and 𝑐 vs. 𝑎

Maj5 01001 = 0

Nicolas de Condorcet

(1743-1794)
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• There are 3! = 6 possible rankings 001,010,100,011,110,101 = 𝑥 ∶ NAE3 𝑥

• In an election employing Condorcet’s method with voting rule 𝑓: 0,1 𝑛 → 0,1 , we say that a candidate 

is a Condorcet winner if it wins all of the pairwise elections in which it participates

Societal Aggregation

vs. 0 0 1 ⋯  = 𝑥 𝑓 𝑥  

vs. 0 1 0 ⋯  = 𝑦 𝑓 𝑦

vs. 1 1 0 ⋯  = 𝑧 𝑓 𝑧

(0) (1)

(0) (1)

(0) (1)
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• There are 3! = 6 possible rankings 001,010,100,011,110,101 = 𝑥 ∶ NAE3 𝑥

• In an election employing Condorcet’s method with voting rule 𝑓: 0,1 𝑛 → 0,1 , we say that a candidate 

is a Condorcet winner if it wins all of the pairwise elections in which it participates

Societal Aggregation

vs. 0 0 1 ⋯  = 𝑥 𝑓 𝑥  

vs. 0 1 0 ⋯  = 𝑦 𝑓 𝑦

vs. 1 0 0 ⋯  = 𝑧 𝑓 𝑧

(0) (1)

(0) (1)

(0) (1)

Condorcet’s Paradox
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Theorem (Arrow’s Impossibility Theorem).  Suppose 𝑓: 0,1 𝑛 → 0, 1  is a unanimous voting rule 

used in a 3-candidate Condorcet election. If there is always a Condorcet winner, then 𝑓 must be a 

dictatorship (1-junta)

• Unanimous: 𝑓 0, ⋯ , 0 = 0 and 𝑓 1, ⋯ , 1 = 1

• In 2002, Gil Kalai gave a Fourier-based proof

Kenneth Arrow, Nobel Laureate

(1921-2017)
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